Abstract. In the study of Teichmüller spaces the second variation of the logarithm of the geodesic length function plays a central role. So far, it was accessible only in a rather indirect way. We treat the problem directly in the more general framework of the deformation theory of Kähler-Einstein manifolds. For the first variation we arrive at a surprisingly simple formula, which only depends on harmonic Kodaira-Spencer forms. We also compute the second variation in the general case and then apply the result to families of Riemann surfaces. Again we obtain a simple formula depending only on the harmonic Beltrami differentials. As a consequence a new proof for the plurisubharmonicity of the geodesic length function on Teichmüller space and its logarithm together with upper estimates follow. The results also apply to the previously not known cases of Teichmüller spaces of weighted punctured Riemann surfaces, where the methods of Kleinian groups are not available. We use our methods from [A-S], where the result was announced.
Introduction
In the study of Teichmüller spaces geodesic length functions play an important role, in particular under the aspect of the theory of several complex variables.
In [K] Kerckhoff showed that for a finite number of closed geodesics, which fill up a Riemann surface, the sum of the geodesic length functions provides a proper exhaustion of the corresponding Teichmüller space. In [WO3] Wolpert proved that this function is actually convex along Weil-Petersson geodesics and plurisubharmonic. Later it turned out that the logarithm of a sum of geodesic length functions is plurisubharmonic as well [WO4, WO5] . In [Ye] Yeung constructed a bounded plurisubharmonic exhaustion function together with estimates. The Levi form of the geodesic length functions also played an important role in McMullen's proof of the Kähler hyperbolicity of the moduli space [M] .
We want to base our study of geodesic length functions solely upon the hyperbolic geometry of Riemann surfaces and use the methods of Kähler geometry. From this point of view it is desirable to express results in terms of harmonic Beltrami differentials, which are to be considered as harmonic Kodaira-Spencer forms.
This approach avoids entirely methods involving Fuchsian groups. In particular our results extend to cases where uniformization theory is not available, such as Teichmüller and moduli spaces of weighted punctured Riemann surfaces, equipped with conical hyperbolic metrics.
Infinitesimal deformations, i.e. complex tangent vectors of Teichmüller space will be represented by harmonic Beltrami differentials on hyperbolic Riemann surfaces. For Kähler-Einstein manifolds X of constant negative Ricci curvature these correspond to harmonic Kodaira-Spencer forms representing elements of H 1 (X, T X ). In [A-S] we announced that the second variation of the geodesic length function could be treated with our methods.
Our Main result is Theorem 5.4, which provides a formula for the second variation of the length of closed geodesics in a holomorphic family of Kähler-Einstein manifolds. All further results are corollaries drawn from this theorem.
When dealing with tensors of higher order like curvature, which involve second order derivatives of metric tensors, certain integral operators arise in a natural way. In the context of automorphic forms the operator
, where denotes the (complex) Laplacian, was extensively studied (cf. [E] ), and Wolpert used it in [WO2] . Later it played a major role in Siu's study of Kähler-Einstein manifolds [SIU] and also in [SCH1, SCH] .
Its counterpart for geodesic integration rather than integration over the whole manifold is the operator
where D/dt denotes covariant differentiation along a geodesic. Specializing our Theorem 5.4 to the case of families of Riemann surfaces we obtain the following theorem: 
In the meantime our Theorem 1.1 was proved again in the case of Riemann surfaces in [W] . Also in [W] there is a computation of the second variation of the geodesic length function on Teichmüller space.
Let P 1 stand for a certain positive function depending on the diameter (precisely, a lower bound for the resolvent kernel), and recall that a finite set of closed geodesics 
In particular, log (γ s ) is strictly plurisubharmonic.
Assume that the closed geodesics η ν fill up the given Riemann surface. Then
is a strictly plurisubharmonic exhaustion function.
(Inequalities "≥" and ">" for matrices are used in the sense that the difference is positive semi-definite and positive definite resp.)
Observe that the integralˆX 
Let a nodal complex curve represent a point at the boundary of the moduli space. If the node is given locally by the equation z · w = 0, then the opening-up of a node is a plumbing construction with a holomorphic paramenter s for a degenerating holomorphic family, given by the equation z · w = s. The holomorphic parameter s corresponds to a closed geodesic γ, whose length tends to zero, when approaching the node.
The following estimate is known (cf. [WO5] ):
If we insert the right-hand side into the expression (2) instead of (γ s ), we obtain the value zero. The estimate (2) implies:
for some positive function ψ. Then log ψ is strictly plurisubharmonic.
We consider the CR-submanifold given by the equation γ s = const. According to our theorem on the first variation of the geodesic length function, the complex tangent spaces L with tangent vectors corresponding to harmonic Beltrami differentials A are given by the equationˆγ 
We have upper estimates: 
Families of Kähler-Einstein Manifolds
We compute the second variations of the geodesic length function in the general setting of Kähler-Einstein manifolds of negative Ricci curvature.
A Kähler form on a complex manifold X of dimension n will be denoted by
We use the summation convention together with the ∇-notation for covariant derivatives. A |-symbol will denote an ordinary derivative. Also, ∂ α and ∂ β will stand for ∂/∂z α and ∂/∂z β respectively. The raising and lowering of indices is defined as usual. We also use the semi-colon notation for covariant derivatives. For the Ricci tensor R αβ on X we use the sign convention
. Let {X s } s∈S be a holomorphic family of canonically polarized compact complex manifolds parameterized by a (connected) complex space S. It is given by a proper, smooth, holomorphic mapping f :
For simplicity we will assume that the base S is smooth, although our results can also be given a meaning for possibly non-reduced singular base spaces.
Local coordinates on S will be denoted by s
We use these as local coordinates on the total space X together with further local coordinates z
The fibers X s are equipped with Kähler-Einstein forms
depending smoothly upon the parameter s and having constant negative Ricci curvature −1 . We write g(z, s) = det(g αβ (z, s)) and have
We consider the real (1, 1)-form
on the total space X . The fiberwise Kähler-Einstein equation (3) implies that
In particular ω X , restricted to any fiber, is positive definite. We will use the above notations introduced for the absolute case of a manifold X concerning covariant derivatives, raising and lowering of indices, inverse of the metric tensor etc. also for the fibers in a holomorphic family. The following fact is known: We note that the Weil-Petersson inner product is positive definite at a given point of the base, if the induced deformation is effective.
We set A j = A ∂/∂s j . Then the Weil-Petersson form on S equals
where we use the notation
The short exact sequence
induces the Kodaira-Spencer map via the edge homomorphism for direct images. A lift of a tangent vector ∂/∂s i at a point s of S is a differentiable vector field on X s with values in T X . It has the form
equals the obstruction against the existence of a holomorphic lift of the given tangent vector, i.e. the infinitesimal triviality of the deformation in the direction of the tangent vector.
We now introduce notations that will be used in the rest of the paper. The horizontal lift of ∂/∂s i , i.e. the lift that is perpendicular to the fibers with respect to ω X from (4), will be denoted by 
The conditions (9) and (10) above correspond to harmonicity, whereas condition (11) reflects the relationship with the metric tensor.
We use the notation c β = c β for (locally defined) tensors. Later we will need the following fact: 
Families of closed geodesics
Let (f : X → S, ω X ) be a family of Kähler-Einstein manifolds with constant negative Ricci curvature −1, where ω X is given by (4).
We denote by γ s a differentiable family of closed geodesics in the fibers X s , and by (s) the length of γ s . In order to compute first and second variations, it is sufficient to assume that S is a disk in the complex plane centered at 0 with coordinate s (it is even sufficient to assume that the embedding dimension equals one). The general formulas follow from this case by polarization.
In local coordinates (z, s) the closed geodesic curves γ s are solutions of the differential equation
The solution is unique up to an affine change of the parameter. In particular we may prescribe any positive constant value of its speed
For s = 0 we choose u = 1, for the remaining values of s the value of u will be determined by the fact that the parameter t assumes values in the interval [0, 0 ],
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where 0 is the length of γ 0 . Hence the family of geodesics is given by a map 
The difference of u * (∂ s ) and the horizontal lift has the components
For any tensor along the geodesic γ s on a fiber X s we denote by D/dt the covariant derivative along γ s . In particular
Corresponding equations hold for tensors of type (0, 1) and contravariant tensors. 
Proof. The equations (23) and (25) (12), and finally we have (24). Observe that we need to consider both ordinary and covariant derivatives of Christoffel symbols. We prove (26) in the same way.
In order to describe the variation of the length of closed geodesics in a family, we use the notion of integrating a tensor along a geodesic. Exemplarily we define: Definition 3.2. Let C = C βδ be a tensor on the Kähler manifold X, and γ be a geodesic of length , parameterized by u(t) = (u
For contravariant tensors of order one this notation coincides with the integration of a differential form along the curve γ. For covariant tensors the geodesic integral is defined after lowering indices with respect to the metric tensor.
First variation of the geodesic length function
Given a holomorphic family of Kähler-Einstein manifolds with one dimensional base space like in the previous section together with a differentiable family of closed geodesics γ s with parametrization (15), the length of these is equal to
We will compute d ds u(t, s)
We denote by , X the inner product with respect to ω X .
Lemma 4.1. We have
In the computational proof one uses (20), (12), (23), and (25). An immediate consequence of the above Lemma is Theorem 1.1.
Second variation of the geodesic length function
An important function is given by the inner product of harmonic lifts of tangent vectors. In terms of local holomorphic coordinates s i on S (or coordinates of a smooth ambient space of minimal dimension at a given point of the base) we have:
where the inner product is taken pointwise.
We list basic properties of the function ϕ i on X :
The first of these equalities follows from the definition. For the second equality cf. [SCH, Proposition 2] . The equation (32) follows from (31). The last equation (33) is Lemma 6 from [SCH] .
We will apply the following fact:
Theorem.
[SCH] The relative canonical bundle K X /S equipped with the hermitian metric induced by the relative Kähler-Einstein forms is positive, i.e. the matrix (ϕ i ) is positive definite.
The lower estimates for (ϕ i ) from [SCH] will be applied below. Again, it is sufficient to do computations for a base space S of dimension one with coordinate s. By abuse of notation, we use s and s as indices instead of i and , where i, j can only take the value 1.
Lemma 5.2. We have
Proof. We compute
Now the claim follows from (12) and (30).
From here we immediately obtain the following identity. We need to eliminate mixed derivatives in the parameters t and s. We define a function χ along the geodesics by the formula
A straightforward calculation using the identities (22) and (23) shows that ∂ ∂s
This concludes the first part of the computation. Altogether we obtained: 
An intrinsic version will be given in Section 10.
Second variation of the geodesic length function on Teichmüller spaces
From now on we assume that fibers of f : X → S are one dimensional. We set z = z 1 and also use z and z as indices. The preceding formulas and the notation remain valid, if the fibers are equipped with the hyperbolic metric of constant Ricci curvature −1, i.e. on a fiber X s with coordinate function z we have
where g(z, s) satisfies the equation
Free homotopy classes of simple closed curves are represented by closed geodesics γ s with parameterization u(s, t), which depend in a differentiable way upon the parameter s. According to our general index convention we have g = g zz . Observe that the harmonic Kodaira-Spencer form
defines a holomorphic quadratic differential. The statement of Theorem 5.4 now reads as follows:
Proof. In dimension one, the term that involves the function ϕ can be interpreted as a complex Laplacian and (31) is applicable. We use guu = 1. The harmonicity of the Kodaira-Spencer tensor is equivalent to A szz;z = 0 so that the latter terms in (36) vanish. 
This statement, together with Theorem 1.1 implies our Theorem 1.2. The computation [W, Theorem 1.1] seems to be related.
We prove the above theorem in Section 8. We estimate the integrand in (38) from below:
Definition 6.3. Given any two Hermitian symmetric matrices M i and N i , we write M i ≥ N i , if the difference is a positive semi-definite matrix.
Corollary 6.4. We have the inequality
in the sense of Definition 6.3. In particular the geodesic length function is strictly plurisubharmonic.
Again we apply Theorem 1.1 and obtain the following statement.
Corollary 6.5. The logarithm of the geodesic length function is strictly plurisubharmonic: The inequality
holds in the sense of Definition 6.3.
A lower estimate for the functions ϕ i = ( + 1)
Proposition. (cf. [F] ) There exists a positive function P 1 (d(X s )), which depends on the diameter of X s , such that for any solution
The above proposition implies the following estimate, which can be used together with Corollary 6.4 and Corollary 6.5 to obtain further inequalities like Corollary 1.3: 
The above Lemma implies that estimates for the single geodesic length functions carry over to any sum of such functions. Kerckhoff showed in [K] that for a finite number of closed geodesics γ 1 , . . . , γ m , which fill up the Riemann surface the sum of the geodesic length functions provides a proper exhaustion of the Teichmüller space. Wolpert proved in [WO3] that the function ( (γ 1 ) 
is actually convex along the Weil-Petersson geodesics and log( (γ 1 ) + . . . + (γ m )) is strictly plurisubharmonic (cf. [WO4, WO5] ).
Yeung constructs in [Ye] a bounded non-positive strictly plurisubharmonic exhaustion function. His estimates of the second variation of the geodesic length function follow from ours.
Corollary 6.7. The logarithm of any sum of geodesic length functions is strictly plurisubharmonic with estimates given by Lemma 6.6.
We conclude the section with the proof of upper estimates which we state for dim S = 1.
Proof of Corollary 1.7. The maximum principle applied to the equation (31) These estimates imply both inequalities.
Differential operators along closed geodesics
When studying covariant differentiation along geodesics u(t) on a fixed Riemann surface, we observe that the obvious identities D dtu = 0 and D dt g zz = 0
can be used to reduce covariant differentiation of tensors along a closed geodesic to the (covariant) differentiation of functions. In our case all functions will be of class C ∞ . Hilbert space theory and regularity theorems are available and need not explicitly be mentioned. We apply (39) and (40) and use the notation of the preceding paragraph. The aim is to express the function w in terms of the Kodaira-Spencer form. We have 
Modulo terms whose integral vanish
− D dt A · w = − D dt (A) · (L − L −1 ) −1 D dt (A) ≡ (L − L −1 ) −1 D 2 dt 2 (A) · A = −M (A) · A = − 1 − (2 − D 2 dt 2 ) −1 (A) · A + 1 2 H(A) · A.
